Relativistic two-photon decay rates of the 2s 1/2 and 2p 1/2 states towards the 1s 1/2 ground state of hydrogenic atoms are calculated by using numerically exact energies and wave functions obtained from the Dirac equation with the Lagrange-mesh method. This approach is an approximate variational method taking the form of equations on a grid because of the use of a Gauss quadrature approximation. Highly accurate values are obtained by a simple calculation involving different meshes for the initial, final and intermediate wave functions and for the calculation of matrix elements. The accuracy of the results with a Coulomb potential is improved by several orders of magnitude in comparison with benchmark values of the literature. The general requirement of gauge invariance is also successfully tested, down to rounding errors. The method provides high accuracies for two-photon decay rates of a particle in other potentials and is applied to a hydrogen atom embedded in a Debye plasma simulated by a Yukawa potential.
I. INTRODUCTION
The radiative decay of the metastable 2s 1/2 state to the 1s 1/2 ground state of hydrogenic atoms is one of the most widely studied atomic transitions in which selection rules forbid the emission of an electric dipole (E1) photon. The 2s 1/2 state can decay by two competing processes: the emission of a single photon in a magnetic dipole (M 1) transition, or the emission of two photons via intermediate virtual states. An important distinction between both processes lies in the fact that, unlike the spectrum in a one-photon process, the emission spectrum of spontaneous two-photon transitions is continuous because energy conservation only requires that the sum of both photon energies equals the transition energy.
Because of its physical importance, the 2s 1/2 → 1s 1/2 two-photon transition rate in hydrogen has been calculated and discussed many times using different approaches. The earliest theoretical work on two-photon processes was performed by Göppert-Mayer [1] , who concluded that the simultaneous emission of two electric dipole (2E1) photons was the dominant decay mechanism to the 1s ground state for the metastable 2s state of hydrogen. This conclusion was confirmed by the work of Breit and Teller [2] , who estimated both non-relativistic 2E1 and M 1 2s → 1s transition rates in hydrogen. They deduced that the dominant two-photon transition is the principal cause of the radiative decay of interstellar 2s hydrogen atoms. The earliest interest in these transitions * Livio.Filippin@ulb.ac.be † mrgodef@ulb.ac.be ‡ dbaye@ulb.ac.be from metastable states of hydrogen came mainly from astrophysics [3, 4] , and was recently revived by Chluba and Sunyaev [5] . A historical overview from both theoretical and experimental points of view can be found in Ref. [6] .
By contrast, the interest in the two-photon 2p 1/2 → 1s 1/2 transition is only academic, since the 2p 1/2 state of hydrogenic atoms dominantly decays via an allowed one-photon transition (E1), much more probable than competing two-photon processes.
Usually, the properties of two-photon atomic transitions are evaluated within the framework of the secondorder perturbation theory. This calculation involves an infinite number of intermediate virtual states. However, excellent results can be obtained with a finite number of pseudostates, built on complete basis sets such as Dirac Green's functions [7] , B splines [6] , B polynomials [8] and Sturmians [9] . This calculation is simplified by the Lagrange-mesh method, which is an approximate variational method involving a basis of Lagrange functions related to a set of mesh points associated with a Gauss quadrature [10] [11] [12] . Lagrange functions are continuous functions that vanish at all points of the corresponding mesh but one. The principal simplification appearing in the Lagrange-mesh method is that matrix elements are calculated with the associated Gauss quadrature. The potential matrix is then diagonal and only involves values of the potential at mesh points. Recently, we have shown that numerically exact solutions of the CoulombDirac equation can be obtained with this method [12, 13] . More generally, the method is very accurate for most central potentials as illustrated with Yukawa potentials in Ref. [13] . Hence, it allows the calculation of two-photon decay rates in various types of potentials. Here we study the 2s 1/2 → 1s 1/2 and 2p 1/2 → 1s 1/2 transitions in the hydrogenic and Yukawa cases.
In Sec. II, the relativistic expressions of two-photon decay rates of an electron in a potential are recalled. In Sec. III, the principle of the Lagrange-mesh method is summarized and relativistic two-photon decay rates are approximated with Gauss quadratures. In Sec. IV, numerical results are presented for hydrogenic atoms and for a particle in Yukawa potentials. Section V contains concluding remarks.
Except in Table I , we use for the fine-structure constant and the atomic unit of time the 2010 CODATA recommended values 1/α = 137.035 999 074 and /E h = 2.418 884 326 502 × 10 −17 s [14] , for the sake of comparison with previous works.
II. RELATIVISTIC FORMULATION

In atomic units
= m e = e = 1 where m e is the electron mass, the Dirac Hamiltonian reads [15] 
where c = 1/α is the speed of light, p is the momentum operator, V is the potential and α and β are the traditional Dirac matrices. The eigenenergies of H D are denoted as c 2 + E and the Dirac equation reads
The Dirac spinors are defined as
as a function of the large and small radial components, P nκ (r) and Q nκ (r) respectively. The quantum number n labels the different states with the same symmetry. The spinors χ κm are common eigenstates of L 2 , S 2 , J 2 , and J z with respective eigenvalues l(l + 1), 3/4, j(j + 1), and m where
The coupled radial Dirac equations read in matrix form
with the Hamiltonian matrix
The large and small radial functions, P nκ (r) and Q nκ (r), are normalized according to the condition
is strictly positive, and V 0 < c, they behave at the origin as [15] 
where the parameter γ is defined by
The Dirac spinors are singular at the origin for γ < 1. This singularity can be important for hydrogenic ions with high nuclear charges Z. In the V 0 = 0 case, P nκ and Q nκ behave at the origin as r |κ| or r |κ|+1 [15] . In the Coulomb case, the potential is V (r) = −Z/r in atomic units. Constant V 0 is equal to Z. The energy of level nκ is
with
For a system described with the Dirac equation, the basic expression for the differential decay rate (in energy of one of the photons) reads, in atomic units [7] ,
where |i ≡ |n i κ i m i and |f ≡ |n f κ f m f correspond, in |r representation, to Dirac spinors (3) of the initial and final states with respective energies E i and E f , ω j is the frequency and dΩ j is the element of solid angle for the jth photon. The transition proceeds through an infinite set of intermediate states |ν ≡ |n ν κ ν m ν at energy E ν . The summation over ν includes integrations over the continua for both positive and negative energy solutions of the Dirac equation. The frequencies of the photons are constrained by energy conservation
where the recoil of the nucleus is neglected. For a photon plane wave with propagation vector k j and polarization vectorê j (ê j · k j = 0), the operators A * j in Eq. (11) are given by
where G is an arbitrary gauge parameter controlling the contribution from fictitious longitudinal and scalar photon states [7] . Among the large variety of possible gauges, Grant [16] showed that two values of G are of particular interest since they lead to well-known non-relativistic operators. The G = 0 value defines the so-called Coulomb gauge, or velocity gauge, which leads to the electric dipole velocity form in the non-relativistic limit. The value
, where L is the multipolarity, defines the so-called Babushkin gauge, or length gauge, which leads to the non-relativistic electric dipole length form of the transition operator. From the general requirement of gauge invariance, the final results must be independent of G. The gauge invariance of the two-photon relativistic calculations was studied by Goldman and Drake [7] , Santos et al. [6] and Amaro et al. [8] .
Let us denote by dW/dω 1 the differential decay rate (11) summed over the transverse polarizationsê 1 ,ê 2 and integrated over dΩ 1 , dΩ 2 , i.e.,
The average partial decay rates, i.e., summed over the magnetic quantum number m f and averaged over m i , describing the two-photon transitions of a given type λ and multipolarity L are given by [7] dW λ1L1,λ2L2
L is the photon angular momentum and λ stands for the electric (λ = 1), magnetic (λ = 0) and longitudinal (λ = −1) terms. The factor d jν ,j ν L1,L2 involves a 6-j symbol representing the angular couplings,
and S jν λ1L1,λ2L2 (2, 1) reads
where 
Parity selection rules (19) follow from the calculation of the matrix elements appearing in Eq. (11) . As the sum over ν in Eq. (11), the sum over n ν in Eq. (17) represents a sum over discrete states and an integral over the continuum involving also negative energy states.
appearing in Eq. (17) are given by [16] 
with the radial integrals I ± L and J L defined following the notation by Rosner and Bhalla [17] 
and
where j L (x) is a spherical Bessel function of the first kind [18] . The total decay rate for a transition in which one Θ 1 L 1 photon and one Θ 2 L 2 photon are emitted, where Θ i = E, M stand for the electric and magnetic multipole types, is given by
where ω t is the energy of the two-photon transition, ω t = ω 1 + ω 2 = E i − E f , and
Equation (15) for the decay rate, which depends quadratically on G [7] , is called incoherent in the literature [24] . However, a gauge transformation [16] gives rise to the electric E and magnetic M matrix elements
and uses the M's in place of the M 's in Eq. (17) . Since
is linear in G, the final results also contain terms linear in G [7] . Applying (25) to the reduced matrix elements (17) for electric type E of transition,
The same argument holds for S jν M L1,EL2 (2, 1), leading to S jν 0L1,1L2 (2, 1) + S jν 0L1,−1L2 (2, 1). These summations are referred as coherent in the literature [24] . Hence, W Θ1L1Θ2L2 simply reads
It has been proven in the Appendix of Ref. [7] that the exact decay rates remain independent of G. The incoherent and coherent summations are compared in Sec. IV, to test the accuracy of the numerical results. Finally, for both incoherent and coherent summations, the total spontaneous emission probability per unit of time for a two-photon transition is obtained by summing over all allowed multipole components,
where
The factor of 1/2 is included to avoid counting twice each pair, when both photons have the same characteristics. For further use in Sec. IV, the spontaneous emission rate for a one-photon transition i → f is [16] , in atomic units,
where π λL f i and M f i are respectively given by Eqs. (19) and (25) , and ω = E i − E f is the transition energy.
III. LAGRANGE-MESH METHOD
A. Mesh equations
The principles of the Lagrange-mesh method are described in Refs. [10] [11] [12] and its application to the Dirac equation is presented in Refs. [12, 13] . The mesh points x j are defined by [10] 
where j = 1 to N and L α N is a generalized Laguerre polynomial depending on parameter α [18] . This mesh is associated with a Gauss-Laguerre quadrature
with the weights λ k . The Gauss quadrature is exact for the Laguerre weight function x α e −x multiplied by any polynomial of degree at most 2N − 1 [19] .
The regularized Lagrange functions are defined by [12, 20, 21] 
The functionsf
j (x) are polynomials of degree N − 1 multiplied by x and by the square root of the Laguerre weight x α exp(−x). The Lagrange functions satisfy the Lagrange conditionŝ
They are not orthonormal, but become orthonormal at the Gauss-quadrature approximation. Condition (35) drastically simplifies the expressions calculated with the Gauss quadrature. The radial functions P nκ (r) and Q nκ (r) are expanded in regularized Lagrange functions (34) as
where h is a scaling parameter aimed at adapting the mesh points hx i to the physical extension of the problem and
ensures the normalization of P nκ (r) and Q nκ (r).
The parameter α = 2(γ − 1) can be selected so that the Lagrange functions behave as r γ near the origin [13] . Here, another choice α = 2(γ − |κ|) is preferable as explained below. The basis functions then behave as r γ−|κ|+1 but the physical r γ behavior can be simulated by linear combinations. In the Coulomb case, the correct exponential behavior of the components is obtained with h = N/2Z. Expansions with N ≥ n + |κ| such functions are able to exactly reproduce the large and small hydrogenic components.
Let us introduce expansions (36) and (37) in the coupled radial Dirac equations (5) . Projecting on the Lagrange functions and using the associated Gauss quadrature leads to the 2N × 2N Hamiltonian matrix
with a 2 × 2 block structure, where
Expressions (39) are the matrix elements
calculated at the Gauss-quadrature approximation. This corresponds to choosing the Gauss quadrature 'Gauss(2,1)' in Ref. [13] . Notice that the subscripts i and j should be interchanged in Eq. (24) of Ref. [22] .
In the Coulomb case, an exact variational treatment of the Dirac-Coulomb problem is possible with a Lagrange basis. However, as proven in Appendix A, the Lagrange-mesh equations based on the Hamiltonian matrix (38) also provide the exact solution of the Dirac-Coulomb problem. If N ≥ n + |κ| and h = N/2Z, one of the eigenvalues of H G κ is the exact energy E nκ and the corresponding eigenvector
T provides the coefficients of the exact eigenfunctions in the expansions (36) and (37) [13] . For other potentials, if N is large enough and h well chosen, some negative energies above −2c 2 correspond to physical energies. The corresponding eigenvectors provide approximations of the wave functions.
B. Two-photon decay rates on Lagrange meshes
Two-photon decays proceed through an infinite set of intermediate states with some value of κ . Finite-basis techniques such as the Lagrange-mesh method allow a discretisation of the continuum, leading to a truncated sum over 2N intermediate states. Some of these states may correspond to exact eigenstates of the Dirac Hamiltonian (1), while the other ones, discretising the continuum, have no physical meaning and are called pseudostates.
Let E n κ , n = 1, . . . , 2N , be the eigenvalues of matrix H G κ defined in Eq. (38) with κ replacing κ. The corresponding eigenvectors contain the coefficients p n κ j and q n κ j of the components P n κ and Q n κ of the intermediate states.
The intermediate states are calculated with α = 2(γ − |κ |) in place of α = 2(γ − |κ|). Hence they have the exact behavior r γ at the origin. Matrix H G κ is calculated on a different mesh h x j with N mesh points, where h = f h f + (1 − f )h i , h i and h f respectively associated to the initial and final states. In the following the value f = 1 is chosen, i.e., h = h f . The f value does not influence the numerical results, but can accelerate their convergence. Notice that the values of α and α are close to each other, much closer than with the choices α = 2(γ −1) and α = 2(γ−1). The integrand in Eqs. (21) and (22) explicitly contains r γ+γ . In the Coulomb case with h = N/2Z, it is the product of r γ+γ exp(−2Zr/N), a polynomial, and a spherical Bessel function. An accurate calculation of Eqs. (21) and (22) with a Gauss-Laguerre quadrature is possible by choosing a third meshhx i with N G mesh points, whereh = 2hh /(h + h ), with h = h i or h f , and N G ≥ N + N /2. Thex i correspond to the weight function xᾱ exp(−x) with the average valuē
The corresponding weights are denoted asλ i . Let us replace in Eq. (17) the notations n ν , j ν and κ ν related to the intermediate states ν by n , j and κ . Approximate radial parts S j λ1L1,λ2L2 (2, 1) are given by
n κ ,i (ω 1 ) can be obtained from Eqs. (21) and (22) with the GaussLaguerre quadrature as
Evaluating integral (44) requires the explicit computation of Lagrange functions. Some remarks on their numerical calculation can be found in Appendix B of Ref. [22] . The integral over ω 1 appearing in Eq. (23) is evaluated with a Gauss-Legendre quadrature involving N ω1 mesh points. We first compute the 2s 1/2 → 1s 1/2 two-photon decay rates for the Dirac-Coulomb problem, where V (r) = −Z/r in atomic units. Table I Table I , the test of gauge invariance is successfully performed: ∆ l−v ranges from 10 −13 down to 10 −16 . When Z increases, some differences occur between Lagrangemesh and B-polynomial results, but ∆ l−v is lower with the Lagrange-mesh calculations.
In Table I , the use of a truncated value 2.418 885 × 10 −17 s for the atomic unit of time, as in Ref. [8] , leads to a difference on the sixth digit of the results. Besides, using 15 mesh points for the Gauss-Legendre quadrature over ω 1 may be insufficient to reach the convergence of all the displayed figures. Hence, one has to investigate the stability of the figures with respect to a variation of the number of mesh points N and N ω1 . Table II displays the most significant multipole contributions (in s −1 ) to the 2s 1/2 → 1s 1/2 decay rate (in the velocity gauge) of hydrogenic ions with Z = 1, 40, and 92. Both one-photon M 1 and two-photon contributions to the total decay rate are presented. For M 1 decay rates, N = 6 mesh points are also used for the initial and final states, and the Gauss-Laguerre quadrature is performed with N G = 20 mesh points. For twophoton decay rates, the required number of mesh points N for the intermediate states increases with Z, from N = 20 (Z = 1) to N = 30 (Z = 40) and N = 40 (Z = 92). Indeed, the difference 2(γ − |κ |) appearing as a power of r in Eq. (34) increases more and more as Z increases, since γ = κ 2 − (αZ) 2 . Hence, one needs higher N (and thus N G ) values to improve the accuracy of the Gauss-Laguerre quadrature in Eqs. (42) to (44). The required number of mesh points N ω1 for the Gauss-Legendre quadrature over ω 1 depends on the pair of multipoles, i.e., on the shape of the differential decay rate to be integrated over ω 1 . The values range from N ω1 = 20 (2M 1) to N ω1 = 40 or 60 (2E1, E1M 2). The number of significant figures then depends on both the nuclear charge Z and the pair of multipoles. It ranges from seven (2E1 with Z = 92) up to twelve for the most accurate results. The same exception as in Table I oc For an incoherent summation, the error becomes of the order of 2 for the differential decay rate, because the sum of the squares is [S
The error is much smaller than the initial error . By contrast, for a coherent summation, a supplementary error of the order of is induced by the cross terms appearing in the square of the sum, because the latter is [S
The total error is then larger and ∆ i−c provides a lower bound for the actual numerical error. The value of ∆ i−c in Table II is in any case higher than ∆ l−v , but does not affect the number of significant digits determined by variations of N and N ω1 .
For Z = 1, the two-photon contribution to the total decay rate is dominant, but as Z increases the competition between both processes is evolving towards a domination of the one-photon M 1 contribution, as shown in Figure 1 . For Z = 40, both processes show decay rates of the same order of magnitude. The competition inside two-photon processes is also evolving with Z, as already investigated in Ref. [6] . The same conclusions about the total decay rates are found with the present Lagrange-mesh calculation, which provides accuracies improved by two orders of magnitude.
Table III displays the 2s 1/2 → 1s 1/2 total decay rates (in s −1 ) of hydrogenic ions with selected Z values up to 100. Enough multipoles are included in the calculation of the total two-photon decay rates to reach an accuracy of at least seven figures. For the total decay rates, an accuracy of nine figures is found for all displayed values.
We then compute the 2p 1/2 → 1s 1/2 two-photon decay rates for hydrogenic ions. As an example of intermediate states appearing in this transition, the E1E2 pair Table IV displays the most significant multipole contributions (in s −1 ) to the 2p 1/2 → 1s 1/2 two-photon decay rate (in the velocity gauge) of hydrogenic ions with Z = 1, 40, and 92. Both one-photon E1 and twophoton contributions to the total decay rate are presented. Enough multipoles are included in the calculation of the total two-photon decay rates to reach an accuracy of ten figures. The two-photon results are compared with benchmark calculations involving Dirac-Coulomb Sturmians [9] and B-spline finite-basis sets [25] . E2M 2 and E2E3 pairs of multipoles are not considered in Ref. [9] . The same value of N as in Table I is used, i.e., N = 6. With N ω1 = 40 for the Gauss-Legendre quadrature, the Lagrange-mesh results are in excellent agreement with the Sturmian values from Ref. [9] . For each Z value, all the figures displayed in the two columns of Table IV are identical. Ref. [25] uses N ω1 = 15 mesh points and the truncated value 2.418 885 × 10 −17 s for the atomic unit of time. With these choices, the Lagrange-mesh results reproduce the B-spline values for Z = 1, but differ more and more as Z increases. The difference appears on the fourth digit for Z = 40, and on the third digit for Z = 92. For all the Lagrange-mesh results displayed in Table IV , the test of gauge invariance gives ∆ l−v < 10 −14 , to be compared with ∆ l−v < 10 −10 in Ref. [9] . As in Table II, Table II , ∆ i−c is higher than ∆ l−v , but does not affect the number of significant digits.
In comparison with two-photon processes, the order of magnitude of the one-photon E1 decay rate is from five (Z = 92) to thirteen (Z = 1) times higher, which illustrates its dominance in the decay of the 2p 1/2 state.
B. Yukawa potential
Two-photon decay rates can also be accurately computed for Yukawa potentials
with different values of V 0 and µ. Within the Lagrangemesh method, switching to Yukawa potentials only requires to change the potential values V (hx i ) in the Hamiltonian matrix given by Eq. (38). Also for this kind of potentials, it is shown in Ref. [13] that the Lagrangemesh method is able to provide accurate energies with a number of mesh points for which the computation seems instantaneous. The approximate wave functions provide mean values of powers of the coordinate that are also extremely precise. Ref. [22] shows that accurate static dipole polarizabilities can be obtained for Yukawa potentials with the Lagrange-mesh method, for the ground state as well as for excited states. −1 ) to the 2p 1/2 → 1s 1/2 two-photon decay rate of hydrogenic ions with Z = 1, 40, and 92.
Comparison with benchmark values [9] and [25] . 'Total 2γ' stands for the sum of the two-photon contributions, 'Total' for the sum of 'Total 2γ' and the one-photon E1 decay rate. ∆ l−v stands for the relative difference between the length and velocity gauge values, ∆ i−c for the relative difference between incoherent and coherent computations. Powers of ten are indicated within brackets. Potential (45) has the singular behavior
at the origin. Parameter γ is thus given by Eq. (8) and parameter α is the same as in the Coulomb case, i.e., α = 2(γ − |κ|). The scaling parameters h i , h f , h and the numbers of mesh points N, N are adjusted for each potential. Here we choose to use h = h f as for the Coulomb case, and N = N . Then N G = N = N for the Gauss-Laguerre quadrature.
1. 2s 1/2 → 1s 1/2 transition Table V lists the one-photon M 1 and two-photon 2E1 2s 1/2 → 1s 1/2 decay rates of a hydrogen atom embedded in a Debye plasma. Various values of the Debye length δ are considered. This situation is described by Yukawa potentials with V 0 = Z = 1 and µ = 1/δ. Since V 0 = Z = 1, the 2E1 contribution accurately gives the total two-photon decay rate. The limit δ → ∞ corresponds to the Coulomb case. For these 2E1 decay rates, all computations are performed in the velocity gauge with given N = N mesh points, and the significant digits of the results are estimated by a comparison with N + 10 mesh points. N ω1 = 80 mesh points for the Gauss-Legendre quadrature are used to ensure at least eight significant figures for all µ values. The scaling parameter h 2s 1/2 starts from the Coulomb optimal value 1.0 and progressively increases with µ, while h 1s 1/2 keeps the Coulomb optimal value 0.5 for all µ values. For M 1 decay rates, N G = N mesh points are used for the Gauss-Laguerre quadrature, with the same h 2s 1/2 and h 1s 1/2 values. With this set of parameters, an excellent gauge invariance ∆ l−v < 10 −15 is found for 2E1 decay rates with all screening lengths. The number of mesh points N = N is increasing as δ decreases. Indeed, more mesh points are required in order to keep an excellent accuracy, as the upper 2s 1/2 state of the transition becomes less and less bound when δ decreases, which affects the numerical results. One observes a decrease of both M 1 and 2E1 decay rates as the screening length δ decreases, down to two orders of magnitude lower for δ = 3.3 a.u. than for the Coulomb case. The plasma density scales as 1/δ 3 , implying that the denser the plasma is, the lower the two-photon decay rates will be. For δ < 3.3 a.u. the 2s 1/2 state is not bound any more. The ratio between the M 1 and 2E1 decay rates decreases when µ increases, but keeps the same order of magnitude: Figure 2 shows the spectral distribution function ψ(y, V 0 = 1) of the 2E1 2s 1/2 → 1s 1/2 transition for the Coulomb potential (solid line) and four Yukawa potentials with given µ values (in a.u.). For a given pair of multipoles λ 1 L 1 , λ 2 L 2 the function ψ(y, V 0 ) is defined as [7] dW λ1L1,λ2L2 dy = 9
where y = ω/ω t is the fraction of the photon energy carried by one of the photons and ω t is the energy of the transition. Both ψ(y, V 0 ) and y are dimensionless quantities. For the 2E1 contribution, parameter n equals 6 in Eq. (47). As 2E1 involves two photons with the same characteristics, one expects ψ(y, V 0 = 1) to be symmetric around y = 0.5, as shown in Figure 2 . From the Coulomb case µ = 0 to the case µ = 1/3.3 a.u., the maximum ψ(0.5, V 0 = 1) decreases from 0.4 to 0.005. The influence of the screening length δ on the E1M 1 and E1E2 2p 1/2 → 1s 1/2 decay rates of a hydrogen atom embedded in a Debye plasma is studied in Table VI . All computations are performed in the velocity gauge with given N = N mesh points, and the significant digits of the results are estimated by a comparison with N + 10 mesh points. As for the 2s 1/2 → 1s 1/2 transition, N ω1 = 80 is chosen to ensure at least nine significant figures for all µ values. The scaling parameter h 2p 1/2 starts from 1.0 and progressively increases with µ, while h 1s 1/2 is 0.5 for all µ values. With this set of parameters, an excellent Table VI . Non-resonant E1M 1 * and E1E2 2p 1/2 → 1s 1/2 decay rates (in s −1 ) in the velocity gauge for Yukawa potentials with V 0 = 1 and screening lengths δ = 1/µ (in a.u.). E 2p 1/2 and E 1s 1/2 are the energies (in a.u.) of the 2p 1/2 and 1s 1/2 states, and y R 1 = ω R 1 /ωt, where ω R 1 = E 2p 1/2 − E 2s 1/2 and ωt = E 2p 1/2 − E 1s 1/2 , is the fraction of the photon energy carried by the first photon at the resonance associated with the 2s 1/2 state. Powers of ten are indicated within brackets. gauge invariance ∆ l−v < 10 −15 is found for all screening lengths.
For the E1M 1 contribution, the 2s 1/2 state is an allowed intermediate state. In the Coulomb case, 2s 1/2 and 2p 1/2 states are degenerate, which is not true for Yukawa potentials with µ = 0, where 2p 1/2 lies higher than 2s 1/2 in the energy spectrum. Their energy difference increases with µ. As 2s 1/2 lies between the upper 2p 1/2 and the lower 1s 1/2 states of the transition, the denominator E 2s 1/2 − E 2p 1/2 + ω 1 in Eq. (17) vanishes for a photon energy ω R 1 = E 2p 1/2 − E 2s 1/2 . A sharp peak will thus appear near this resonance energy. Table VI lists the non-resonant contribution to the E1M 1 decay rate as well as the E1E2 2p 1/2 → 1s 1/2 decay rate for Yukawa potentials with V 0 = 1 and screening lengths δ = 1/µ (in a.u.). The non-resonant contribution, denoted as E1M 1 * in the table, corresponds to the area under the curve of the E1M 1 differential decay rate, neglecting the resonance near ω R 1 = E 2p 1/2 − E 2s 1/2 . Because of the sharp peaks near the resonance frequencies, the integration over the photon energy ω 1 in Eq. (23) requires the use of very efficient techniques to treat resonances, as detailed in Ref. [25] . We do not present such calculations, since the decay of the 2p 1/2 state towards the 1s 1/2 ground state is largely dominated by an allowed E1 transition.
Similarly to the 2E1 2s 1/2 → 1s 1/2 transition, the decay rates decrease with the screening length δ. For δ < 4.6 a.u. the 2p 1/2 state is not bound any more. This value is higher than for the 2E1 2s 1/2 → 1s 1/2 transition. The resonance energy, denoted as ω frequencies ω 1 , the multiplication by the product ω 1 ω 2 in Eq. (15) will reduce the contribution of the resonance to the total decay rate. A similar effect is discussed in Ref. [5] , considering the 2s 1/2 → 1s 1/2 transition in hydrogenic ions, taking into account the Lamb shift between the 2p 1/2 and 2s 1/2 states. The 2p 1/2 level lying under the 2s 1/2 level, a sharp peak appears in Eq. (15) near the resonance energy ω R 1 = E 2s 1/2 − E 2p 1/2 . Increasing Z increases this shift. In this reference, the authors argue that such a resonance should not contribute beyond the percent level to the total lifetime of the 2s 1/2 state, as measurements for hydrogenic He and Ar show. This is also expected because the lifetime of the 2s 1/2 state should not be strongly altered by the slow 2s 1/2 → 2p 1/2 transition (∼ 1.6 × 10 −9 s −1 for H) [5] . As E1M 1 involves two photons with different characteristics, one expects ψ(y, V 0 = 1) not to be symmetric around y = 0.5, as shown in Figure 3 . This argument is also valid for M 1E1, but the sum E1M 1 + M 1E1 is symmetric around y = 0.5. Figure 4 is the equivalent of Figure 3 for the E1E2 contribution. The argument of symmetry is also valid, i.e., the sum E1E2 + E2E1 is symmetric around y = 0.5. Unlike E1M 1, the E1E2 contribution is non-resonant because the 2s 1/2 is not a part of the allowed intermediate states for this transition. Hence, no resonance occurs in Figure 4 .
V. CONCLUSION
The Lagrange-mesh method is able to provide numerically exact energies and wave functions for the CoulombDirac problem. As shown in Ref. [13] , some matrix elements are exactly given by the associated Gauss quadrature. For relativistic multipolar polarizabilities, Ref. [22] devised a simple calculation involving different meshes for the initial and final wave functions and for the calculation of matrix elements. This calculation provides very accurate values for all charges Z, for the ground state and excited states of hydrogenic atoms with Coulomb or Yukawa potentials. In the present work, it is generalized to the determination of relativistic two-photon decay rates.
Similarly to the polarizabilities, the evaluation of twophoton atomic transitions is performed within the framework of the second-order perturbation theory, involving an infinite number of intermediate virtual states simulated by a finite number of pseudostates. The simplicity of the Lagrange-mesh method allows a simple extension of the technique used for polarizabilities to the relativistic 2s 1/2 → 1s 1/2 and 2p 1/2 → 1s 1/2 two-photon decay rates in hydrogenic atoms. Very accurate values of these rates are obtained for all charges Z, with a simple code and small computing times. The general requirement of gauge invariance is successfully tested, which emphasizes the high accuracy of the Lagrange-mesh method. The results with a Coulomb potential perfectly agree with benchmark values presented in Refs. [25] , [8] and [9] . They are even more accurate, providing for some partial rates up to five more significant digits than in Refs. [25] and [9] . This work also improves the values from Ref. [8] by using a more precise value for the atomic unit of time. For Z = 1 to 100, total 2s 1/2 → 1s 1/2 decay rates are obtained with eight significant digits.
The present approach is also valid for other potentials, with or without a singularity at the origin. Its efficiency and simplicity are illustrated with Yukawa potentials which simulate a hydrogen atom embedded in a Debye plasma. We studied the influence of the screening length δ on the value of the 2s 1/2 → 1s 1/2 and 2p 1/2 → 1s 1/2 decay rates. The plasma density scaling as 1/δ 3 , the two-photon decay rates decrease as the plasma becomes denser. Excellent accuracies and gauge invariances of the results are also obtained for both transitions with Yukawa potentials. Properties of alkali-like atoms can easily be estimated by combining the present approach with the use of model and parametric potentials [26] .
The Lagrange-mesh method is definitely accurate for estimating relativistic two-photon decay rates of hydrogenic systems. As such, Lagrange bases can be used to investigate other properties of two-photon transitions, such as resonances [25] and negative-continuum [24] effects, or more recently angular correlation and degree of linear polarization [27] .
Lagrange functions, without the associated Gauss quadrature or with a partial use of this quadrature limited to terms for which it is accurate, promise to be very efficient for the study of many-electron systems in atomic physics. This basis could offer interesting simplifications in comparison with, for instance, B splines confined to a large cavity [28, 29] which have had a tremendous impact in atomic many-body calculations. The replacement of B splines by a Sturmian basis [9, 30, 31] in relativistic calculations of atomic properties [32] is presently considered [33] . From this respect, we would like to point out that specific Lagrange-Laguerre bases are exactly equivalent to Sturmian bases (see Appendix B), but can be simpler to use and more flexible.
With the Coulomb potential V (r) = −Z/r, the components of the radial Dirac Sturmians are given for n = −∞ to +∞ by [30] S nκ (2λr) = r γ e −λr s n (r)
and T nκ (2λr) = r γ e −λr t n (r),
where s n (r) and t n (r) are polynomials of degree |n| in r.
The constants γ and λ are defined by γ = √ κ 2 − α 2 Z 2 , and λ = −E(2c 2 + E)/c.
In Eq. (B3), E is a fixed real parameter comprised between −2c 2 and 0. For |n| < N , the Sturmian components can be expanded in N Lagrange functions (A1) with
For each N value, the Lagrange functions are N linearly independent polynomials of degree N − 1, multiplied by r γ exp(−λr). With the Lagrange propertŷ
where the λ i are the Gauss weights, not to be confused with parameter λ defined in Eq. (B3), one can write for |n| < N the exact expansions .
(B9)
The number of basis vectors is not exactly the same but this difference should not be significant in converged numerical calculations. This difference does not exist in the non-relativistic case.
